Abstract. In this paper we define, in two equivalent ways, the Schwarzian derivative of a map between complex manifolds equipped with complex projective connections. Also, a new, coordinate-free definition of complex projective connections is given. We show how the Schwarzian derivative is related to the projective structure of the manifolds, to projective linear transformations, and to complex geodesics.
Introduction
In our paper [13] , we defined and studied two operators, Σ and L, associated to a locally biholomorphic mapping from a domain in C n to CP n . These two operators were shown to play a role analogous to the Schwarzian derivative
2 for functions of one complex variable; in particular, a geometric interpretation of Σ allowed us to give a simple proof that a mapping is complex projective linear if and only if Σ vanishes identically.
In this paper we generalize these ideas by defining a Schwarzian derivative Σ φ for any locally biholomorphic map φ : M → N where M and N are complex manifolds of dimension n, each with a fixed complex projective connection. Σ φ is a symmetric tensor on M which measures the extent to which φ does not preserve the complex projective connection; it is essentially the difference between the projective connections. It is of interest to compare Σ φ with the Schwarzian derivative which Osgood and Stowe defined for a conformal map between Riemannian manifolds [15] . They showed that their Schwarzian derivative can be defined as a difference of two "Möbius connections" [14] . Also, Deligne showed that for holomorphic functions of one variable, the classical Schwarzian derivative can be given as a difference of projective connections [2] .
We include a fairly complete discussion of complex projective connections. The projective connection is an old and well-developed notion in the setting of real manifolds. It has been carried over to complex manifolds in [10] , [8] , [6] , [4] , and others. In Section 4 we give a new definition of a complex projective connection. The connection need not be holomorphic, but if it is, then this definition is equivalent to that of [10] . Our definition has the advantage of being coordinate-free. Although not every complex manifold supports a holomorphic projective connection [6] , [7] , a study of the relationship between affine connections and projective connections shows that every complex manifold supports a complex projective connection (Corollary 4.1).
In Section 5 we show how principal bundles and Cartan connections may be used to define holomorphic projective connections. This approach was used to study projective connections on differentiable manifolds in [1] and [9] . Ganesh [4] extended the principal bundle approach to study holomorphic projective connections on complex manifolds, but did not use the idea of a Cartan connection. To complete this circle of ideas, we define a "normal complex projective Cartan connection" and show that it coincides with the complex projective connection defined in Section 4. The relationship is given explicitly in Proposition 5.3.
We give two equivalent definitions of the Schwarzian derivative Σ φ . From the first definition, given in Section 6, it is easy to see that when the projective connections on M and N are flat, then Σ φ generalizes the operator Σ described in [13] . The second definition is considerably more complicated, but it gives a valuable geometric interpretation of Σ φ . This method is inspired by the work of Thomas (for real manifolds) [18] and of Flanders (for functions of one complex variable) [3] . In order to give this second definition, we construct in Section 7 a line bundleM over M . If M has a complex projective atlas, thenM has a complex affine atlas (Proposition 7.1). Furthermore,M is endowed with a canonical volume form and to each complex projective connection on M is associated an affine connection on M (Theorem 7.1). In Section 8 we define the Schwarzian derivative of φ : M → N by using the affine connections onM andN and a canonical liftφ :M →N of the map φ. This generalizes a construction given in [13] for maps from a domain in C n to CP n . If the projective connections on M and N are flat, then this definition of Σ φ leads to a geometric proof that Σ φ ≡ 0 if and only if φ is complex projective linear when written in projective coordinates (Theorem 8.1).
Projective geometry was conceived by Weyl [20] and by Thomas [17] as the geometry of "paths", that is, of unparametrized geodesics. Thomas obtained a projective connection from any class of affine connections which have the same (unparametrized) geodesics, and defined projective maps as those which preserve the geodesics. In Section 9, we show that these ideas may be applied to the holomorphic setting as well. In particular, we obtain Theorem 9.1, which says that a locally biholomorphic map φ between complex manifolds with reduced holomorphic projective connections preserves complex geodesics if and only if Σ φ ≡ 0.
We are grateful to Robin Graham and to Brad Osgood for several useful conversations.
Preliminaries
Let M be a complex manifold of dimension n. The complex structure is given by an operator J : 
Throughout the paper, all affine connections are assumed to be torsion-free and compatible with the complex structure on M . All manifolds are assumed to be connected.
For every open covering of M , there is a refinement consisting of simply connected, Stein domains, all of whose intersections are also simply connected. We will assume, when necessary, that a covering of M has these properties, without explicit mention.
We use the Einstein summation convention when working in local coordinates: one sums over all repeated indices. Unless otherwise specified, small Roman indices run from 1 to n and capital indices run from 0 to n. The Kronecker delta δ J I equals 1 if I = J, 0 otherwise.
In this paper, "differentiable" will always mean C ∞ .
Complex Projective Structures
Let M be a complex manifold of dimension n. A complex projective atlas determines a 1-cocycle with values in the projective linear group P L(n, C), and thus an element of H 1 (M, P L(n, C)).
Definition 3.2. Two projective atlases are said to be equivalent if they determine the same element of H 1 (M, P L(n, C)); the equivalence class is called a complex projective structure on M .
Some simple examples of complex manifolds which admit a complex projective structure are complex projective space and any manifold which can be expressed as a quotient of C n or of complex hyperbolic space by a group of complex projective linear transformations. In [5] , Gunning showed that every Riemann surface admits a complex projective structure. For dimensions greater than 1, there are obstructions to the existence of a complex projective structure. In [10] , Kobayashi and Ochiai completely classified compact complex surfaces which admit a complex projective structure. For higher dimensions, examples of manifolds admitting and not admitting complex projective structures can be found in [10] and [8] .
We recall the definition of the Schwarzian derivative in several complex variables. Let U be an open set in C n (n > 1) and f : U → C n locally biholomorphic. Let z = f (x) and let J f denote the Jacobian determinant det( [6] . It is well known that S(f ) vanishes identically if and only if f is complex projective linear; see pages 48-50 of Gunning's book [6] . A geometric proof can be found in [13] . For n = 1, the classical Schwarzian derivative
characterizes projective linear functions. Notice that it is a differential operator of order 3, whereas S(f ) is of order 2. In this paper we deal primarily with the case n > 1, although some of the ideas apply to n = 1 also.
Complex Projective Connections
Closely related to the idea of a complex projective structure is the notion of a complex projective connection. Differentiable projective connections on real manifolds were defined and studied in the 1920's by E. Cartan, and in a somewhat different guise, by T.Y. Thomas [1] , [17] . The 1931 paper of J.H.C. Whitehead [21] recounts the early history of the subject.
In the complex setting, and in more modern language, holomorphic projective connections are described by Kobayashi and Ochiai in [10] and by Kobayashi and Horst in [8] . The definition for dimension n = 1 can be found in [5] or in [19] .
The definitions mentioned above are all in terms of local coordinates. In this section we give an equivalent coordinate-free definition and also define the more general notion of a complex projective connection. We also show how projective connections are related to complex projective structures and to classes of projectively equivalent affine connections.
Throughout this section, M will denote a complex manifold of dimension n > 1.
Definition 4.1.
A complex projective connection on M is a differentiable map
The terminology regarding projective connections is not consistent in the literature. For example, Kato [7] omits property 5 from the definition and calls a projective connection normal if it satisfies property 5.
Definition 4.2.
A reduced projective connection is a projective connection with the property that for any local holomorphic coordinates,
A simple calculation shows that if for some local holomorphic coordinates
then the same holds for all local holomorphic coordinates. Given a complex projective connection Π, one may construct a reduced complex projective connectioñ Π by settingΠ We now recall the definition of holomorphic projective connection given by Kobayashi and Ochiai in [10] and show that it coincides with our definition.
Given any coordinate covering of a complex manifold M , let
This cohomology class is independent of the choice of coordinates. It is called by Kato ([7] ) "the obstruction to the holomorphic projective connection." 
In local coordinates, we write
and condition (2) using properties 1 through 4 of Definition 4.1. A direct computation, using the symmetry of Ψ, shows that property 5 also holds. Another direct computation, using properties 1 through 4 and the fact that
Together with the transformation law (1), this shows that Π is independent of the choice of α.
Conversely, given Π, we may obtain Ψ by setting
Henceforth we will write Π α k ij in place of Ψ α k ij and use the two definitions of holomorphic projective connection interchangeably. Flat holomorphic projective connections are also characterized by the vanishing of the "Weyl projective curvature tensor"; see [6, pp.79-83] .
For a differentiable (real) manifold, Weyl [20] defined a projective structure to be an equivalence class of differentiable affine connections. Two connections are equivalent if they define, up to reparametrization, the same geodesics. Thomas [17] , [18] showed how such an equivalence class determines a (real) projective connection. We conclude this section by showing how these ideas carry over to the holomorphic setting. Recall that all connections are assumed to be compatible with the fixed complex structure. 
By a "complex geodesic" we will mean a totally geodesic 1-dimensional complex submanifold G of M . Let B be a domain in the complex plane, g : B → G a local coordinate chart for G, V = g * ∂ ∂z .
Lemma 4.1. The condition that G be totally geodesic is equivalent to the condition that ∇ V V be a multiple of V at every point of g(B).
Proof. Let ζ and τ be real vector fields tangent to G. This means ζ = aV + aV , τ = bV +bV . G is totally geodesic if and only if ∇ ζ τ is also tangent to G. Since V is holomorphic (i.e. has holomorphic coefficients when written in local coordinates),
which is tangent to G if and only if ∇ V V is a multiple of V .
Theorem 4.2. Two affine connections ∇ and ∇ on a complex manifold M are projectively equivalent if and only if they determine the same complex geodesics.
This is a corollary of the more general Theorem 9.1 proved in Section 9; we defer the proof until then.
The proof of the next theorem is taken from ideas of Thomas [17] and Kobayashi and Ochiai [10] .
Theorem 4.3. On a complex manifold, there is a one-to-one correspondence between reduced complex projective connections and projective equivalence classes of affine connections.
Proof. Let ∇ be an affine connection on
It is a straightforward computation to verify that Π is a reduced complex projective connection. If ∇ is projectively equivalent to ∇, so that
Therefore every affine connection which is projectively equivalent to ∇ determines the same complex projective connection Π. If, on the other hand, we begin with a reduced complex projective connection Π, we can construct from it an equivalence class of affine connections. To do this, let∇ be any affine connection on M and let
Then we obtain an affine connection ∇ by setting
Any other affine connection thus constructed is projectively equivalent to ∇. If we begin with an affine connection, construct Π from it as in the first part of the proof, then use Π to construct ∇ as above, it is easily verified that ∇ is projectively equivalent to the original affine connection. Therefore the correspondence between reduced complex projective connections and projective equivalence classes of affine connections is one-to-one.
Corollary 4.4. Every complex manifold has a reduced complex projective connection.
It is not the case, however, that every complex manifold has a holomorphic projective connection. The Chern classes of a complex manifold which admits a holomorphic projective connection must satisfy certain relations (see [6] , [7] , [10] ). From this one obtains examples of manifolds which do not admit a holomorphic projective connection. More examples are given in [8] . A complete characterization of the compact complex surfaces which admit a holomorphic projective connection was given by Kobayashi and Ochiai [10] ; they went on to show that all surfaces which admit a holomorphic projective connection admit a flat holomorphic projective connection [11] .
Principal Bundle Approach to Holomorphic Projective Connections
Projective structures and connections on differentiable manifolds were described by E. Cartan in the language of principal bundles [1] . The relationships between Cartan's approach to projective connections on differentiable manifolds and that of H. Weyl and T.Y. Thomas have been studied by several authors including Kobayashi and Nagano [9] .
In the study of projective structure on complex manifolds, the principal bundle approach was used by Ganesh [4] . Ganesh's approach to complex projective connections is similar to Gunning's approach and uses local coordinate representation of projective connections. In this section, we show that one may define a complex projective connection as a certain Cartan connection. The complex analog of a normal projective connection in the sense of Cartan then corresponds to a reduced complex projective connection in the sense of Section 4. The development of projective connections in the sense of Cartan on complex manifolds is formally very similar to the development on differentiable manifolds as given by Kobayashi and Nagano [9] . Here we only outline the main ideas and indicate how a complex projective Cartan connection is related to Definition 4.1.
Let G 2 (n) denote the group of 2-jets of locally invertible holomorphic mappings on a neighborhood of 0 in C n which map 0 to itself. Let P 2 (M ) be the G 2 (n) principal bundle of 2-jets of locally invertible holomorphic mappings from a neighborhood of 0 in C n to M . The action of G 2 (n) on P 2 (M) is determined by composition of mappings.
Let (U, z) be a local holomorphic coordinate neighborhood on M and let ζ = (ζ 1 , . . . , ζ n ) be standard complex Euclidean coordinates on C n . Then there is a natural coordinate system on P 2 (M ) which we denote by (
The representation of a 2-jet of a mapping f is given in these coordinates by
.
n we obtain natural coordinates on G 2 (n) which we denote by (t 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use where (t i j ) is the inverse matrix of (t i j ). We will write S(t) for the Schwarzian derivative of the 2-jet (t
be the subgroup of 2-jets of complex projective linear mappings. In the natural coordinate system on G 2 (n), the group H 2 (n) is the subgroup of 2-jets which satisfy S(t) = 0.
One can choose a coordinate system on H 2 (n) by writing a projective linear mapping in holomorphic Euclidean coordinates: . This gives a set of local holomorphic coordinates for H 2 (n) near the identity, namely (a i j , a l ). Now suppose that M is a complex manifold with a complex projective structure. Let {(U α , z α )} denote a maximal projective atlas. Ganesh [4] shows that there is an associated reduction of the structure group of 
We call a reduction flat if the corresponding reduced complex projective connection is flat. There is a one-to-one correspondence between the complex projective structures on M , the flat reductions of structure group of P 2 (M ) to H 2 (n), and the flat reduced holomorphic projective connections on M .
Finally we wish to establish the relationship between the Cartan connections and the projective connections of Definition 4.1.
Let pl(n, C) denote the Lie algebra of P L(n, C). Suppose P ⊂ P 2 (M ) is a holomorphic principal H 2 (n) bundle associated with a reduction (write P ∈ Red{P 2 (M ), H 2 (n)} to denote a reduction and associated bundle). A projective Cartan connection is a pl(n, C)-valued form of type (1, 0) on P which satisfies the definition of a Cartan connection (see [9, p.218] ). Following Kobayashi and Nagano [9] in the differentiable manifold case, we denote such a form by
corresponding to the standard decomposition of pl(n, C). The structure equations of the connection form ω are
These equations define the forms Ω i , Ω i j , Ω j , which may be written as
The form θ is defined exactly as in the differentiable manifold case. In the complex case, θ is a holomorphic (1, 0)-form with values in a(n, C), where a(n, C) is the Lie algebra of the affine group;
denote the restriction of θ to P . Because we assume P is a holomorphic subbundle of P 2 (M ), θ is a holomorphic (1, 0)-form on P . As in the differentiable case, one may assign a unique Cartan connection to a holomorphic reduction P ∈ Red{P 2 (M ), H 2 (n)}. This is the analog of Theorem 9 of [9] : 
where
Proof. Adoption of the arguments used in [9] to the holomorphic case tells us that the form ω has the given expression in local coordinates for some choice of functions Π k ml and Π kl in (2). Since the normal projective Cartan connection is unique, we need only show that with Π k ml and Π kl as given-that is, taking Π License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
We first verify
Now using the symmetry of Π (Π j ml = Π j lm ) and the equations (2), we see that the term involving Π vanishes and we obtain
To check Ω
Here we used the property of a reduced connection, Π 
First Definition of Schwarzian Derivative
Let M and N be complex manifolds of dimension n > 1. We fix complex projective connections, denoted Π M and Π N , on M and N . Let φ : M → N be locally biholomorphic. We wish to define the Schwarzian derivative of φ to be a section of T h * M ⊗ T h * M ⊗ T h M which measures the extent to which φ does not preserve the projective connection. Given the structure of a complex projective connection, the definition is simple: 
Since Π N q lm and Π M k ij vanish, we see that in these coordinates, Σ φ = S(φ).
The Associated Line Bundle
In [17] , Thomas showed that associated to a differentiable manifold V with differentiable projective connection, there is a manifold * V of one higher dimension with an affine connection which is related to the projective connection on V . The projective geometry of V is encoded in the affine geometry of * V . In modern language, one would say that * V is a line bundle over V . The prototypical example is V = RP n , * V = R n+1 − {0}, * V → V the usual quotient map. We next carry out a similar construction for a complex manifold with complex projective connection and show how this idea can be used to define the Schwarzian derivative in an illuminating way.
Let M be a complex manifold of dimension n > 1. We must make the assumption that there is a holomorphic line bundleM The cohomological condition for the existence ofM is further discussed in [16] ; it is always satisfied when n = 1. For M = CP n , we may takeM O(−1), the tautological bundle on complex projective space. Now return to a complex manifold M supporting such a bundleM, but not necessarily having a complex projective structure. Let (x 
Let σ ⊂M denote the zero section. OnM − σ, we introduce "homogeneous coordinates":
The coordinate transformations are Proof. On M , fix a covering of coordinate charts such that the coordinate transformations are complex projective linear:
We may normalize so that It is clear from the proof of Proposition 7.1 that a converse of sorts is true: ifM has a covering by homogeneous coordinates with linear coordinate changes, then M has a complex projective structure.
We next define onM − σ a global (n + 1, 0)-form which will be needed in the next section.
Proposition 7.2. Define an
Proof. A direct computation shows that det ∂x
The global (n + 1, 0)-form thus defined will be denoted ν or νM . Notice that dV = ν ∧ ν is a volume form onM .
The vector field onM defined by ξ = x 0 α ∂/∂x 0 α is a global holomorphic vector field. It will be used in Theorem 7.3. The vector field ξ is vertical: π * ξ = 0.
Fix a reduced complex projective connection Π on M . We use the projective connection Π to introduce an affine connection onM . As mentioned in Section 2, lower case Roman indices will take on values from 1 to n, upper case from 0 to n. For the first part of the computation, we will work with only one coordinate chart, so we drop the subscript α. From condition 1, if we write 
We compute:
Then condition 4 implies that φ ij = 
In (8), S stands for the Schwarzian derivative S(f αβ ). To sum up, we have found that conditions 1-4 imply
It is easily seen, by direct computation, that for a connection with these Christoffel symbols, conditions 3 and 4 are satisfied for all vectors in T hM . We now resume writing the subscripts α and β. It remains to verify that
Observe that ∂x 
Second Definition of Schwarzian Derivative
The fact that the projective geometry of M is reflected in the affine geometry of M can be used to define the Schwarzian derivative in another way. Let M and N be two complex manifolds of the same dimension n > 1. Suppose that line bundleŝ M andN exist, and let νM and νN be the (n + 1, 0)-forms onM − σ and onN − σ defined in the previous section. Let φ : M → N be locally biholomorphic.
In [13] , locally biholomorphic maps from a subset U of C n to CP n were considered. The Schwarzian was defined by using a canonical liftφ : U → C n+1 − {0} so that π •φ = φ. We will generalize this idea.
To define a canonical lift of φ, no projective connection is needed: 
Becauseφ is to be a bundle map, We may computeφ 0 β (1, x β ) as follows: 
Because it is a difference of two affine connections,D is a tensor; more specifically, it is a symmetric section of
Proof. First observe thatφ * ξ M = ξ N by the construction ofφ. Therefore, using condition 2 of Theorem 7.3,
BecauseD is symmetric, the proof is complete.
We now compute locally. Let U α be a coordinate patch in M , small enough so that φ| Uα is biholomorphic and so that φ(U α ) is contained in a coordinate patch V γ ⊂ N . As before, let (x (7)) written in these coordinates.
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The Schwarzian Derivative and Complex Geodesics
Finally, we prove the following theorem, which shows the relationship between the Schwarzian derivative as defined in this paper and complex geodesics, thus illuminating how this theory is tied to classical projective geometry.
Let Π be a reduced complex projective connection on a complex manifold M of dimension n > 1, ∇ an affine connection in the equivalence class associated to Π (see Theorem 4.3). From Lemma 4.1, it is clear that all such ∇ have the same complex geodesics. We refer to these as the complex geodesics of Π. To prove the converse, suppose that φ maps complex geodesics to complex geodesics. In other words, whenever g : B → M is a complex geodesic in M , φ • g : B → N is a complex geodesic in N . In particular, if g is a complex geodesic in M , V = g * ∂ ∂z , then Σ φ (V, V ) = λ(V )V for some differentiable function λ(V ). A standard existence theorem in the theory of ordinary differential equations implies that given any vector V 0 ∈ T h P M , there exists a complex geodesic through P such that V (P ) = V 0 . Since Σ φ (V, V )(P ) depends only on V (P ), we may conclude that Σ φ (X, X) = λ(X)X for all V ∈ T h M ; λ may be thought of as a complexvalued function on T h M . Since Σ φ is a tensor, we have λ(fX) = fλ(X) for all differentiable functions f . We must show λ ≡ 0. Because Σ φ is a symmetric tensor, 
By linearity, we also have We may assume that X and Y are linearly independent, so by setting (14) and (15) equal to one another we obtain λ(X + Y ) − λ(X) = λ(2X + Y ) − 2λ(X) (16) 
for all X, Y ∈ T h M . To finish the proof, take the trace of both sides of equation (19) . This yields n + 1 2 λ(X) = tr(Y → Σ φ (Y, X)) = 0.
Therefore λ(X) = 0 for all X, so by equation (19) , Σ φ = 0.
If M and N are complex manifolds of dimension 1, then, trivially, every locally biholomorphic map from M to N preserves complex geodesics. A differential operator which characterizes complex projective linear transformations in this case must be stronger than one which merely characterizes maps with preserve complex geodesics. This fact sheds light on why the Schwarzian derivative in dimension one looks so different from the Schwarzian derivative in higher dimensions, and, in particular, why it is of order 3 rather than of order 2.
Corollary (Theorem 4.2). Two affine connections ∇ and ∇ on a complex manifold M are projectively equivalent if and only if they determine the same complex geodesics.
Proof. If ∇ and ∇ are projectively equivalent, then by Lemma 4.1, it is clear that they determine the same complex geodesics.
If conversely, ∇ and ∇ determine the same complex geodesics, then their associated complex projective connections Π and Π determine the same complex geodesics. Let ι : (M, Π) → (M, Π ) be the identity map. Theorem 9.1 implies Σ ι = 0. Therefore Π = Π . By Theorem 4.3, ∇ and ∇ are projectively equivalent.
The following is proved as part of a lemma in [12] using methods from algebraic geometry. Proof. For the standard connection on C n and for the standard connection on CP n , the complex lines are the complex geodesics. Theorem 9.1, combined with Theorem 8.5, yields the result immediately.
